ABSTRACT. There are many kinds of the generalization of continuity. T.Šalát raised the question: Can everywhere discontinuous solution of Cauchy functional equation
Introduction
The paper deals with the Cauchy functional equation f (x + y) = f (x) + f (y) ( 1 ) for f : R → R (R -the real line). This equation is well-known, see [9] , and its solutions are called additive functions. It is known that every solution of (1) is either of the form f (x) = xf (1) for each x ∈ R or f is discontinuous everywhere on R.
There are many kinds of the generalization of the notion of continuity. T.Šalát raised the following question: Can everywhere discontinuous solution of (1) be continuous in some generalized sense? The following text is devoted to this question.
Further, we will use some basic properties of additive functions (see [9] ). The Hamel base for R is a subset H of R with the property that each non-zero element x of R is representable in a unique way as a finite linear combination of distinct members of H, with non-zero rational coefficients, i.e., where h 1 , . . . , h n ∈ H and r 1 , . . . , r n ∈ Q (Q -rationals). If g : H → R is an arbitrary function, then its extension on R given by
(x is expressed by (2) ) is an additive function and every additive function is of this form.
Ä ÑÑ Ãº Let f : R → R be an additive function bounded on some set of positive
P r o o f. See [7] .
Ä ÑÑ º Let f : R → R be a discontinuous additive function. Then its graph is a dense subset of R × R.
P r o o f. See [5] , [10, p. 137 ].
Further, let CFE stand for the set of all additive functions f : R → R.
Definitions
The following definition gives some of known generalizations of continuity. We will deal with them.
(a) A function f is said to be symmetrically continuous if for each [20] ).
(b) A function f is said to have the closed graph if (x, f (x)) : x ∈ R is a closed subset of R × R (see [8] ).
(c) A function f is said to be quasicontinuous if for each x ∈ R it holds:
(d) A function f is said to be cliquish if for each x ∈ R holds: If ε > 0 and U is a neighborhood of x, then there is an open set G ⊂ U such that |f (r) − f (s)| < ε holds for any r, s ∈ G (see [2] ).
(e) A function f is said to be simply continuous if for any open set G, f −1 (G) is the union of an open set and a nowhere dense set (see [1] ).
(f) A function f is said to be somewhat continuous if for each open set V ⊂ R, [17] ).
(g) A function f is said to have the Denjoy property if for each a, b ∈ R, a < b, [19] ).
(h) A function f is said to be almost continuous in the sense of Signal and Signal if for each x ∈ R and each neighborhood V of f (x) there is an open set U, x ∈ U, such that f (U ) ⊂ Int Cl (V ) (see [16] ).
(i) A function f is said to be weakly continuous at x ∈ R if for each neigh-
(j) A function f is said to be symmetric if lim (o) A function f is said to be Darboux continuous if for each x 1 , x 2 ∈ R,
and y ∈ R between f (x 1 ) and f (x 2 ) there exists x, x 1 < x < x 2 , such that y = f (x).
Remark 1º
All the generalized continuities mentioned in Definition 1 are known from the literature. The only exception is the definition (g) of the Denjoy property, which spreads the known definition on functions Lebesgue nonmeasurable.
Ò Ø ÓÒ 2º
(1) Let (z) be some of the generalized continuities from Definition 1. The symbol Z stands for the family of all functions f : R → R continuous in the sense (z).
(2) We will say that the generalized continuity (z) is of type A if each additive function which is (z) generalized continuous is of the form f (x) = cx, c ∈ R.
(3) A generalized continuity (z) is said to be of type B if it is not of type A.
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Results
Ì ÓÖ Ñ 1º Generalized continuities (a), (b), (c), (d), (e), (f), (g), (h) and (i)
are of type A.
Ì ÓÖ Ñ 2º Generalized continuities (j), (k), (l), (m), (n) and (o) are of type B.
P r o o f o f T h e o r e m 1. Let (z) be some of the generalized continuities mentioned in Theorem 1. To prove Theorem 1, it is sufficient to show
where W is the set of all the functions f : R → R of the form f (x) = cx, c ∈ R.
(a) Each symmetrically continuous function is continuous almost everywhere (see [20] , [14] ), the assumptions of Lemma K are fulfilled and (3) (k) If f ∈ CF E is discontinuous, then the graph of f is dense in R × R (Lemma G) and each its neighborhood is of the form R × R. It contains a graph of any continuous function, hence f ∈ K.
(l) If f ∈ CF E is discontinuous, (a, b) ⊂ R is an arbitrary interval and p ∈ R. If V is an open neighborhood of f (p), then from the density of the graph of f in R × R it follows, that there is
(m) The inclusion CF E ⊂ M follows from the part (l). It is sufficient to take
(n) If f ∈ CF E is discontinuous, then the closure of its graph is R × R and it contains the graph of a continuous function.
(o) We show that there exist a discontinuous function
be such a decomposition of the Hamel basis H that each H n has cardinality c, i.e., H =
be a sequence of all intervals with rational endpoints. For a fixed n, let ϕ n : H n → R be a surjective map. For each x ∈ H n there is r x ∈ Q, r x = 0, such that r x x ∈ I n . For x ∈ H n define f n (x) = ϕ n (x)/r x . Let f : H → R be defined by f (x) = f n (x) for x ∈ H n and let F be an additive extension of f on R. Let a < b and y ∈ R. Choose n such that I n ⊂ (a, b). There is x ∈ H n such that y = ϕ n (x) and r x ∈ Q with r x x ∈ I n . Then, F (r x x) = r x F (x) = r x f (x) = r x f n (x) = ϕ n (x) = y. Hence, F (a, b) = R and F ∈ CF E ∩ O.
Remark 2º
There are functions g : R → R such that g ∈ CF E \ O. If suffices to define g on the Hamel basis of rational numbers.
Remark 3º
There is a natural question: Is the inclusion CF E ⊂ Z in the proof of Theorem 2 proper? The answer is affirmative. If follows from the fact that the generalized continuities from Theorem 2 are invariant with respect to the vertical translation, i.e., if f ∈ Z and α ∈ R, then f + α ∈ Z.
Let f : R → R be a discontinuous additive function and α = 0. Put f α (x) = f (x) + α. Then f α is not additive (f α (0) = α) and f α ∈ Z.
